Associated with the cosmic acceleration are the old and new cosmological constant problems, recently put into the more general context of the dark energy problem. In broad terms, the old problem is related to an unexpected order of magnitude of this component while the new problem is related to this magnitude being of the same order of the matter energy density during the present epoch of cosmic evolution. Current plans to measure the equation of state or density parameters certainly constitute an important approach; however, as we discuss, this approach is faced with serious feasibility challenges and is limited in the type of conclusive answers it could provide. Therefore, is it really too early to seek actively for new tests and approaches to these problems? In view of the difficulty of this endeavor, we argue in this work that a good place to start is by questioning some of the assumptions underlying the formulation of these problems and finding new ways to put this questioning to the test. Motivated by some theorems, we discuss if the full identification of the cosmological constant with vacuum energy is unquestionable. Next, we evaluate how much fine tuning the cosmic coincidence problem represents. We discuss some implications of the simplest solution for the principles of General Relativity. We stress the potential of some cosmological probes such as weak gravitational lensing to identify novel tests to probe dark energy questions and assumptions. Also, we discuss the relevance of experiments at the interface of astrophysics and quantum field theory, focusing on the Casimir effect in gravitational and cosmological contexts. We conclude that challenging some of the assumptions underlying the cosmological constant problems and putting them to the test may prove useful and necessary to make progress on these questions.
I. INTRODUCTION
Several different types of astrophysical observations [1, 2, 3, 4, 5, 6] have established the evidence that the expansion of the universe entered a phase of acceleration. Associated with this acceleration is a cosmological constant, or another dark energy component, that contributes significantly to the total energy density of the universe.
The cosmic acceleration and dark energy is one of the most important and challenging current problems in cosmology and other areas of physics. There are many comprehensive reviews of the cosmological constant or dark energy, including the observational evidence for it and the problems associated with it, and we refer the reader to some of them [7, 8, 9, 10, 11, 12, 13] . In the present paper, we present a discussion of different formulations of the cosmological constant/dark energy questions along with a questioning of the underlying assumptions.
Three questions related to the cosmic acceleration are known in the literature, two of which are encountered in different formulations or expressions. These are: i) What is causing the cosmic acceleration? Is it a cosmological constant or a dynamical dark energy component [14] ? Is this associated with the stress-energy momentum sector or with the curvature sector of the Einstein field equations (EFE)? Is this a sign of new physics?
ii) The old cosmological constant problem: If the accel- * Electronic address: mishak@princeton.edu eration is caused by vacuum energy, then why is the value measured from astrophysics so small compared to values obtained from quantum field theory calculations (this is the puzzling smallness formulation, see for example [11] )? Another formulation is: Why all the contributions to the effective cosmological constant term cancel each other up to a very large number of decimal places (this is the fantastic cancellation formulation, see for example [7] )?
iii) The new cosmological constant problem: Why is the acceleration happening during the present epoch of the cosmic evolution? (Any earlier would have prevented structures from forming in the universe.) This is also formulated as the cosmic coincidence: i.e. why the dark energy density is of the same order of magnitude as the matter density during the present time?
We will stress the importance of clarifying and challenging some of the assumptions underlying the formulation of these questions and point out some examples of these reconsiderations. This may not only prove a useful step, but perhaps a necessary one in order to make progress on these problems, as we explain.
A major ongoing approach to these problems is to look for clues on the properties of dark energy from measuring its equation of state or density parameters using cosmological observations. This is certainly an important approach; however it is faced with serious challenges, and it is limited in the kind of answers it could provide [17, 18] , which points out the need for additional approaches to the problem.
First, if a dark energy model with a constant equation of state is assumed, then the current data seem to favor a cosmological constant. Obviously if this tendency continues, this will not answer either of the last two problems listed above but rather confirm them. Further, these first results are based on the assumption of a constant equation of state and are subject to change if a variable equation of state is considered.
Second, other dark energy models have a varying equation of state, and therefore a careful and fair analysis must consider models with a varying equation of state. In this case, current data cannot put any conclusive constraints on the equation of state parameters. Furthermore, it was shown from cosmological parameter forecast studies [15, 16, 17, 18] that constraining dark energy parameters to a high level of precision will be a difficult task to achieve and will require to wait for more ambitious and sophisticated experiments than those currently planned or proposed.
Furthermore, if we assume that a high level of precision will be achieved in the very far future on the dark energy parameters, then unless the data will show that these parameters are significantly different from those of a cosmological constant, other types of tests will be necessary. Finally, even we will be ready to accept the level of precision achieved, then again we will be faced with the cosmological constant problems.
In view of the difficulty of the problem, we argue for the relevance of questioning and challenging some of the assumptions underlying the formulation of the cosmological constant/dark energy problems. This questioning may prove useful and necessary in order to look for new types of tests or approaches to the questions raised.
The paper is organized as follows. In section II, we provide some useful equations and contrast the two formulations of the old cosmological constant problem. In section III, we discuss the identification of the cosmological constant with vacuum energy in light of some theorems on the most general curvature tensor in the Einstein Field equations. Then, we make some clarifications on the cosmic coincidence using some fraction calculations in section IV. In section V, we use some of the reconsiderations raised in the paper to recall the simplest possible solution and the plausibility of an intrinsic constant curvature of spacetime. In particular, we discuss how it fits within important interpretations of General Relativity's principles. We discuss then the major importance of finding ways to test the usual assumptions, and the promise of some cosmological tools for identifying new tests to probe dark energy. We then point out the relevance of experiments at the interface of particle physics and astrophysics for the question raised. The last section contains some concluding remarks. We plot in the appendix the curvature landscape of some typical spacetimes with a cosmological constant using scalar invariants.
II. PRELIMINARIES

A. Notation
We recall here only some preliminary equations and definitions necessary for the clarity of the paper. We refer the reader to review papers, see e.g. [7, 8, 9, 10, 11, 12, 13] and text books, see e.g. [19, 20, 21] . The Einstein Field Equations (EFE) with a cosmological constant Λ read in length units
where κ ≡ 8πG and
is the Einstein tensor, R αβ , R and g αβ are the Ricci tensor, the Ricci curvature scalar and the metric tensor respectively. For a perfect fluid, the energy-momentum tensor is given by
where u α is the four velocity vector and ρ and p are the energy-density and isotropic pressure relative to u α . With global isotropy, when T αβ = 0, the EFE (1) admit de Sitter space as a solution, for which a line element is given by (A5) in the appendix.
Motivated by current observations, e.g. [1, 2] , and for the sake of simplicity, let us consider the concordance spatially flat universe with a positive cosmological constant Λ. The EFE (1) with a dust source can be solved explicitly to give
where C ≡ 8πρa 3 /3 is a constant; and the spacetime line element is given by
where dΩ 2 = (dθ 2 + sin 2 θdφ 2 ). At early stages, the universe is matter dominated and a(t) = (
2 ) 1/3 . At late stages, the universe is dominated by the cosmological constant and enters a de Sitter phase with a(t) = ( 
1/3 exp Λ/3t. We sketch the curvature profile of these spacetimes in the appendix. Now, to introduce the vacuum energy density, let us consider a scalar field with Lagrangian density
and energy momentum tensor
The lowest energy density of the field configuration is when the kinetic (or gradient) term vanishes and the potential is at the minimum V (φ min ). The energy momentum (7) reduces to
This form of T vac αβ is also the only Lorentz-invariant form for the vacuum energy.
B. The old cosmological constant problem
The common identification of the cosmological constant with the vacuum energy density is based on the mathematical equivalence of the vacuum energy momentum tensor (8) and the cosmological constant term on the LHS of the EFE (1). Also, writing a lagrangian density that includes gravitational terms and terms from quantum field theory leads to the temptation to combine some of these terms; however, one should bear in mind that we don't have such a unified theory yet. Now, if one considers that a geometrical cosmological constant term is an integral part of the EFE then the old cosmological constant problem can be expressed as (see for example [7, 12] ): Why do all the contributions from vacuum energy density fantastically cancel with the geometrical Λ term? This formulation of the problem seems to be less often recalled in some of the recent literature. To see this quantitatively, one can combine equations (1) and (8) to write
where from effective quantum field theory
Now, if one considers only quantum field fluctuations cut off at particle energies of 100 GeV (this means, we consider only the well known physics of the standard model), one can write (withh = c = 1) ρ vac ∼ (100GeV ) 4 . However, from astrophysical observations (Λ ef f ective /8πG) is found to be comparable to the critical density, i.e. ∼ 10 −48 GeV 4 which means that the two terms in the RHS of (9) must cancel to 56 decimal places.
On the other hand, from the identification of the cosmological constant with the vacuum energy, the old Λ problem becomes: Why is the vacuum energy measured from astrophysics (∼ 10 −48 GeV 4 ) so small compared to the value of the vacuum energy estimated from quantum field theory (∼ (100GeV ) 4 )? Of course, the situation is made even worse by taking the GUT or Planck scales.
This identification may bring some limitations of its own to the old cosmological constant problem and is questioned in the next section.
III. THE IDENTIFICATION OF THE COSMOLOGICAL CONSTANT WITH VACUUM ENERGY AND THE MOST GENERAL CURVATURE TENSOR IN THE EFE
Cartan [22] , Weyl [23] and Vermeil [24] proved different theorems showing that the only tensor of valency two, A αβ , that is: a) constructed from the metric tensor g αβ and its first two partial derivatives, g αβ,γ and g αβ,γδ , b) divergence free, i.e. A αβ ;β = 0, c) symmetric, i.e. A αβ = A βα , d) linear in the second derivatives of g αβ , is
where c 1 and c 2 are constants and G αβ is the Einstein tensor (2). Lovelock [25, 26] showed that conditions c) and d) are superfluous when the spacetime dimension is 4. (Note that when A αβ is put in the EFE, c 1 is absorbed in the κ factor.) In Refs. [23] and [22] , it was first proven that the most general curvature tensor A αβ is a linear combination of R αβ , Rg αβ and g αβ , i.e. of the form
where a, b, and c are constants. Then values a = 1 and
are derived from the divergence free condition (conservation law).
Consequently, one is tempted to take the standpoint that unless one is guided by some physical laws or measurements, setting the constant c (i.e. Λ) in equation (12) to any particular value, including zero is unjustifiable.
Imposing a priori a particular value on Λ (for instance zero) is perhaps making the same mistake Einstein did by putting the particular value
(for a closed static universe) where C is as defined previously. Thus, this suggests that a geometrical constant Λ-term in the EFE (1) is part of the equations on its own right with no reference to any energy momentum tensor. This could be used as an argument not in favor of the exact identification of the geometrical cosmological constant with vacuum energy.
IV. HOW MUCH FINE-TUNING DOES THE COSMIC COINCIDENCE REPRESENT?
The cosmic coincidence problem is usually stated as why the cosmic acceleration is recent in the cosmic history of the universe (why "now"?) It is also discussed in terms of a fine tuning problem: i.e. why is the matter energy density of the same order of magnitude as the dark energy density at the present epoch? Related to this question is the fact that if the dark energy density was much larger then what is measured it would have dominated over the matter energy density much earlier and prevented structures from forming in the universe. It is important to discuss the cosmic coincidence because it is an argument that is used to motivate the search for dynamical components in order to be able to explain the coincidence. We will try to quantify some of these statements here.
The matter energy density is related to the redshift by
and in a ΛCDM universe
where a = 1 1+z is normalized to 1 today. Now, from the concordance model Ω m ≈ 0.3 and Ω Λ ≈ 0.7 today and it follows that
At the transition from deceleration to acceleration the dark energy density is half the matter energy density and
(see for a first measurement of this [1] : 1 + z trans = 1.46 ± 0.13).
It is a clarifying exercise to evaluate the age of the universe t at this transition. Using (15) gives a transition age of ≈ 7.14 billion years (we use H 0 = 72km/s/M pc [2] ), showing that the transition is not that recent in the time history of the universe. Moreover, ρ m and ρ Λ have been within the same order of magnitude starting roughly from 1 + z ≈ 2.85 (with ρ m ≈ 9.94ρ Λ ) and that corresponds to an age of the universe of ≈ 3.38 billion years. i.e. ρ m and ρ Λ have been within the same order of magnitude for at least the last 10.32 billions years of the time history of the universe.
In order to evaluate how much fine-tuning the cosmic coincidence represents, one could evaluate some informative fractions using the transition time or the period during which dark energy has been of the same order of magnitude as the matter energy density, compared to the whole history of the universe. These fractions provide the percent chances for an observer randomly put in the time history of the universe to have the matter energy density and the dark energy density being of the same order of magnitude. We will compare energy densities using a logarithmic scale of time, so the results will be similar to those using a logarithmic redshift scale.
On a logarithmic scale, things can appear very significant on plots; however, the fractions remain a few percent:
ln t today − ln t same−order ln t today − ln t i ≈ 3% (19) and ln t today − ln t same−order ln t today − ln t P lanck ≈ 1%
We used here t i = 1 sec as we considered observational constraints from the Big Bang nucleosynthesis and CMB results to trace back in time the universe up to 1 second at the e + e − annihilation. We also use the Planck time t P lanck = 10 −44 sec and find that the fraction is ≈ 1%. (Of course on a linear scale of time the coincidence is insignificant:
and
In summary, even on a logarithmic scale the fractions remain of the order of a few percent. This is significant but not totally unusual in physics and astrophysics.
Consequently, it remains a well motivated problem to seek models that could naturally explain these small fractions, however this fine tuning should not constitute a barrier to reject models that address successfully the other cosmological constant problems.
V. RECONSIDERING AND TESTING SOME OF THE ASSUMPTIONS
A. What are the implications of the simplest solution?
As discussed in the previous sections, some of the assumptions underlying the cosmological constant problems are not unquestionable and it is important to find ways to challenge them and put them to the test.
Needless to recall, the simplest solution can arise from, first, abandoning the assumed identification of the cosmological constant with vacuum energy (based on the theorem discussed in section III), and second, putting on the side the cosmic coincidence (see section IV for a discussion). The remaining question is then why the huge vacuum energy densities (see section II B) from quantum field theory estimations do not contribute to the energy budget in the universe. This question can be legitimately replaced by, how does vacuum energy contribute to the EFE? For example, is it correct to try to add contributions from vacuum energy density to the EFE using some ultra-violet cutoff energy? We discuss this point more in section V C, see also [41, 42, 43, 44] .
Further, did we really exhaust all possibility of exact cancellation mechanisms for vacuum energy? [7, 8, 9, 10, 11, 12, 13] .
Furthermore, it is perhaps worth mentioning that a rather negative vacuum energy/cosmological constant was expected within some candidates for a unified theory [46] . So, in addition to the magnitude problems, could this sign mismatch be a further indication to revise the identification above.
In this simple solution, what is measured currently is simply an intrinsic curvature of the spacetime, and the value of Λ is just a constant measured from experiments, as is Newton's gravitational constant G.
It is perhaps worth discussing in this sub-section the following subtle point. An important interpretation of one of General Relativity's principles is that the massenergy content of the universe creates curvature of the spacetime (assuming a zero Weyl tensor). One could then ask the following question: if spacetime is to have a curvature in absence of mass-energy sources and this curvature is not due to vacuum energy then what is generating this curvature? There are two answers to this question: If we want to preserve the interpretation above, then we do need to explain this curvature. However, it is correct to take the other standpoint and consider that the Einstein field equations are a set of differential equations containing a cosmological constant and governing the laws of General Relativity, and that in absence of sources the trivial spacetime is simply de Sitter with an intrinsic curvature.
The simple solution we discussed in this section is of the latter type and is a consequence of questioning some of the assumptions usually made. With these reconsiderations in mind, it is important to think about identifying new astrophysical tests or experiments at the interface of particle and gravitational physics, as we discuss in the next sub-sections. The best scenario where the equation of state test will help conclusively is if we are lucky enough to find a dark energy that has parameters significantly different from those of a cosmological constant. Otherwise, testing some of the basic assumptions will require new types of tests.
Of great importance are innovative ways of using current and future astrophysical observations that could distinguish between acceleration models beyond the equation of state. In other words, for the same degenerate effective equation of state, these novel tests could distinguish between dynamical dark energy models, a cosmological constant, and acceleration due to some modification to the curvature sector, and will allow one to test some of the basic assumptions.
Some cosmological probes such as weak gravitational lensing (for reviews, see [27, 28, 29, 30] and references therein) and clusters of galaxies (see for example [33, 34] and references therein) are very rich tools and very promising for identifying this type of test because they provide more than one way to constrain dark energy. Importantly, both probes can capture the effect of dark energy on the expansion history, and also its effect on the growth factor of large-scale structure. Interestingly, this can be used to identify consistency checks to test the dark energy beyond the equation of state degeneracy. In particular, this could allow one to test dark energy models based on new particles and fields versus cosmic acceleration due to some modification in the curvature sector of the EFE as suggested in some recent studies, see e.g. [31, 32] . Most importantly, these kind of consistency checks can be used to test some of the assumptions discussed in this paper, namely on the origin of the intrinsic constant curvature of spacetime.
For example, references [35, 36, 37] considered whether cosmic acceleration is due to dark energy or modified gravitational dynamics and argued that future observations would be able to test the specific cases they considered (scalar field dark energy versus a model by Dvali, Gabadadze and Porrati [38] where the cosmic acceleration is due to a slow leakage of gravity into an extra dimension). These studies explored the different signatures of both models on the growth factor of large scale structure. Another interesting case was discussed in reference [39] where the authors considered signatures of quintessence models and their extension to scalar-tensor gravity on weak gravitational lensing observables. They found that some models can let an imprint of ten percent on lensing observables. The important point from these examples and others is that cosmological observations that can probe the growth of cosmological perturbations are promising tools to learn about the acceleration of the universe beyond the effective equation of state degeneracy.
C. Vacuum energy and Casimir effect in gravitational and cosmological contexts
Another approach is to think of a situation or an experiment where the validity of the cosmological constantvacuum energy identification can be put to the test. A geometrical cosmological constant has no quantum properties while vacuum energy has both gravitational and quantum properties. Also, is it possible to learn more on how vacuum energy contributes to the cosmological constant? Some of these questions started to be addressed in the literature as we cite further.
It is perhaps relevant at this point to recall the Casimir effect [47] which is a purely quantum field theory phe-nomenon (see [48] for a recent comprehensive review, and references therein.) The Casimir effect results from a change in the zero-point oscillations spectrum of a quantized field when the quantization domain is restricted or when the topology of the space is non-trivial. For example, a Casimir force appears as the result of the alteration of the vacuum energy by some boundaries. In its simplest form, predicted by Casimir [47] , two neutral plane parallel conducting plates placed in a vacuum at a distance a from one another will experience an attractive force F C = − π 2h c 240a 4 S where S ≫ a is the plate area. The Casimir effect has been now extensively measured with a few percent precision [48] .
Cosmologically, the Casimir effect is significant when the topology of the model of the universe is non-trivial (different from an infinite Euclidean topology), see e.g. [49] . The effect has been discussed in models with nontrivial topology, notably the simple case of a closed FRW universe with a 3-torus topology, see e.g. [50] . Also, the Casimir energy has been used from compact extra dimensions [42, 43, 44] to discuss the cosmological constant problem, and with models with supersymmetric large extra dimensions to propose cancellation mechanisms for the cosmological constant problem, see e.g. [45] .
In a more relevant context for our discussion, one would like to study via the Casimir effect the gravitational properties of the vacuum energy. For example, Refs. [51, 52] calculated correction terms to the Casimir force due to the weak gravitational field. Such corrections represent the effect of gravitational curvature on quantum vacuum fluctuations. The authors of Ref. [52] evaluated the order of the force acting on a Casimir apparatus redshifting in a weak gravitational field and concluded that, although some issues with signal modulation need to be solved, testing such a force should be feasible and within reach of present technological resources. Now, related to our question on how the vacuum energy may fit within the EFE, it has been argued in some papers, see for example [42, 43, 44] , that as the measured Casimir effect is related to vacuum energy differences, the vacuum energy may not contribute to the cosmological dynamics via some fixed cutoff energy but rather via energy differences as in Casimir energy. This Casimir energy can be produced from some compact extra dimensions [42, 43, 44] or non-trivial topology of the spacetime [49] .
We could state that if this is the case, then as we have not yet detected any non-trivial topology for a wide range of models [53] , this could imply the vanishing of the vacuum energy contribution at cosmological scales. On the other hand, not all non-trivial topologies have been ruled out and one could push the idea further.
In summary, we discussed in this section that questioning and testing how vacuum energy contributes to the cosmological constant may prove helpful to re-address the dark energy questions.
VI. CONCLUDING REMARKS
We discussed different formulations of the cosmological constant/dark energy problems and some of the assumptions underlying them. We also discussed the usefulness of reconsidering some of these assumptions and of identifying new strategies in order to put them to the test.
Current and future plans are focused on constraining the equation of state of dark energy using cosmological probes. This is certainly an important approach and some progress has been made, however as we discussed (see also [17, 18] ), constraining a variable equation of state will require more ambitious and sophisticated experiments than what has been proposed and yet this approach is limited in the kind of decisive answers it could provide on the nature of dark energy. Indeed, unless we are lucky enough to find a dark energy that has an equation of state significantly different from that of a cosmological constant, new kind of tests or experiments will be necessary in order to provide other conclusive answers to the dark energy problem. For example, finding that dark energy parameters are those of a cosmological constant to a few percent precision will be very suggestive but will require tests beyond the equation of state in order to rule out decisively dynamical dark energy models. Further, one should keep in mind that even if we are ready to accept some high level of precision to be satisfactory (or if we reach fundamental limitations of our experiments), finding dark energy parameters that are characteristic of a cosmological constant will only confirm the cosmological constant problems with no further clues.
Therefore, testing dark energy beyond the equation of state will be desirable for several reasons and it is perhaps not too early to encourage other directions and strategies for approaching the dark energy problems. In particular, we discussed the relevance of questioning and challenging some of the assumptions underlying the formulation of the cosmological constant problems in order to look for new type of tests.
Motivated by some theorems on the most general curvature tensor in the Einstein field equations, we argued that the identification of the cosmological constant with the vacuum energy is not unquestionable and might bring some limitations of its own because it changes the formulation of the old cosmological constant problem.
Then we used some fraction calculations in order to evaluate how much of a fine-tuning is involved in the cosmic coincidence. We found that these fractions remain of the order of a few percent. This is significant but not totally unusual in physics and astrophysics. Therefore, on one hand, it remains a well motivated and interesting problem to seek for models that could naturally explain these numbers. On the other hand, it was important to clarify that this fine tuning should not constitute a barrier to reject a successful solution for the other cosmological constant problems.
Recall that as a result of the questioning above dark energy can be identified as a simple geometrical cosmolog-ical constant with no need to justify its measured value. In the absence of sources, the trivial spacetime is then de Sitter with an intrinsic constant curvature. However, then two questions arise.
i) An important interpretation of one of General Relativity's principles is that the mass-energy content of the universe creates curvature of the spacetime. One could then ask the following question: if spacetime is to have a curvature in the absence of mass-energy sources, and this curvature is not due to vacuum energy, then what is generating this curvature? There are two answers to this question: If we want to preserve the interpretation above then we do need to explain this curvature. However, it is fully correct to take the other standpoint and consider that the Einstein field equations are a set of differential equations containing a cosmological constant and governing the laws of General Relativity, and that in the absence of sources, spacetime has an intrinsic constant curvature. This last possibility requires one to sacrifice the important interpretation mentioned above, and to our best knowledge, this particular simple but subtle point has not been discussed in literature about dark energy.
ii) The second question is why the huge vacuum energy densities evaluated from quantum field theory calculations would not contribute to the measured effective cosmological constant? As we discussed, this question could be re-addressed in the context of how the vacuum energy may contribute to the Einstein field equations. In particular, is the usual method of using a given ultraviolet cutoff energy as a source of gravity questionable? For example, other propositions have been made in literature [42, 43, 44] where vacuum energy will contribute via energy differences as experienced with the Casimir effect.
We discussed the richness and the potential of some cosmological probes for constraining dark energy questions as they can capture both the effect of dark energy on the expansion history and its effect on the growth factor of large-scale structure. Interestingly, this can be used to build consistency checks beyond the equation of state. We argued for the need for identifying new tests using these promising cosmological probes in order to check some of the assumptions underlying the formulation of the cosmological constant problems. Also, we discussed the possible role of the Casimir effect used in a gravitational and cosmological contexts for testing some of the assumptions and questions discussed. This is a purely quantum field theory phenomenon and could be used to look for clues on how the vacuum energy may fit within the Einstein field equations. Other kinds of experiments at the interface between quantum field theory and general relativistic principles have been also discussed in [54, 55, 56, 57] and might be of similar interest.
Importantly, we conclude that challenging some of the assumptions underlying the formulation of the cosmological constant/dark energy problems and putting them to the test may prove necessary to make progress on these questions.
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The In order to sketch the evolution of the spacetime curvature, we consider invariants constructed from the Riemann tensor, R αβγδ . These scalars allow a coordinate independent study of some geometrical features of a spacetime. They can also be linked to physical quantities via the EFE. For the special spacetimes we consider here the invariants are all related via algebraic relations [58, 59] , and for the sake of simplicity we just choose here the Kretchman scalar,
and the differential invariant
to trace the evolution of the curvature of spacetime. For the metric (5), the invariants read
(A3) and
For the matter dominated universe, these are simply given by, K = Figure 1 and Figure 2 show the profile of K and DiRiem and how the spacetime curvature decreases during the expanding matter dominated universe to reach a constant curvature Λ-dominated universe at late times. This can also be seen from taking the limits of (A3) and (A4) at very large t. The vertical lines in Figure 1 are the time at equality of dark energy density with matter energy density and the time of transition from deceleration to acceleration. The no-Lambda curves are shown for comparison.
Furthermore, in order to trace some features of the curvature lost in the squared quantities, we recourse to plotting directly the non-vanishing components of the Riemann tensor. Though coordinate dependent, these can be informative [19] . In cartesian coordinates, these are:
3C Λ The time evolution of the R txtx components is shown in Figure 3 where it starts with a power law decrease to reach a negative range exponential decrease during a de Sitter phase. For comparison, the no-λ curve shows how this component continues with power law decrease within a positive range. Figure 4 shows that the profile of the R xyxy component is similar to that of the scale factor. This component transits to an exponential increase at very large t. Also, we consider another informative example, the Schwarzschild-de Sitter spacetime with
At large r, it tends to the de Sitter space limit. The explicit de Sitter case is obtained by setting m = 0 while the explicit Schwarzschild case is obtained by setting Λ = 0. Here, for (A8)
and is plotted in Figure ( 
